Abstract. We extend the Neumann's methods in [30] and give the explicit formulae for the volume and the Chern-Simons invariant for hyperbolic alternating knot orbifolds.
Introduction
We extend the Neumann's methods in [30] using Zickert's methods in [41, 42, 10] and the formula for the complex volume of a hyperbolic knot in [3] to present explicit formulae for the volume and the Chern-Simons invariant of the hyperbolic alternating knot orbifolds.
In [30] , Neumann defined the extended Bloch group, B(C), and showed that this group is isomorphic to H 3 (PSL(2, C); Z) by lifting the Bloch-Wigner map is the Cheeger-Chern-Simons class, which also can be written as i(vol + ics), where cs is the universal Chern-Simons class. Neumann showed that any complete hyperbolic 3-manifold M of finite volume has a natural fundamental class in H 3 (PSL(2, C); Z). Hence this fundamental class of M in H 3 (PSL(2, C); Z) determines an element β(M ) ∈ B(C). Neumann describe β(M ) directly in terms of an ideal triangulation T of M . By substituting truncated simplices for simplices, one can define T of M from T of M . In [41, 42, 10] , Zickert introduced a way of using a P -decoration on T (liftings of T to the universal cover of M ) to compute complex volume, where P is the subgroup of upper triangular matrices with 1's on the diagonal. Let ρ be a geometric representation. A P -decoration of ρ is a ρ-equivariant assignment of P -cosets to each triangular face of T . P -decorations are in one-to-one correspondence with Fattened natural cocycles on T . A P -decoration of ρ involves a choice of fundamental rectangle for each boundary component such that the triangulation induced on each boundary torus obtained by identifying the sides of the chosen fundamental rectangle agrees with the triangulation of the boundary torus induced by T . For the computation, we use the triangulation used in [3] . The triangulation used in [3] is dipicted on the chosen fundamental rectangle. Therefore we identify the sides of the fundamental rectangle by the identity. In Section 7, in particular, we show that the shape of a J(2n, −2m) knot orbifold can be obtained by a root of a certain polynomial and this polynomial, in fact, coincides with the Riley-Mednykh polynomial.
In Section 8, we present some explicit complex volume of J(2n, −2m) knot orbifolds. Some volume formulae for hyperbolic cone-manifolds and some formulae for ChernSimons invariants for hyperbolic orbifolds of knots and links based on Schläfli formula can be found in [19, 25, 26, 27, 28, 29, 5, 17, 21, 18, 13, 16, 37, 38, 21, 12, 14, 16, 2, 1] .Some references for cone-manifolds are [4, 36, 25, 32, 19, 33, 18 ].
The hyperbolic structure of alternating knot orbifolds
Let K be a hyperbolic alternating knot. The r-fold cyclic covering, M , of S 3 \K is the covering space corresponding to an index r subgroup of the fundamental group of π 1 (S 3 \K). An index r subgroup can be identified with the kernel of the composite of the following two maps:
From [8] , topologically, the r-fold cyclic covering branched along K is the completion of M . Naturally, a topological ideal triangulation of S 3 \K gives the topological ideal triangulation of a sheet of M and r times of it will give the topological ideal triangulation of M . A solution to the gluing and completeness equations of [31] will give the hyperbolic structure to M . Since the gluing equations will be the same for each sheet and the product of moduli corresponding to the meridian is the rth power of the product of moduli corresponding to the meridian restricted to a sheet, a solution can be found by restricting the equations to a sheet (for explicit computations, see Section 6), which will also give the hyperbolic structure to a sheet and to the completion of a sheet, the orbifold O(K, r) of K with cone-angle 2π/r.
But the existence of the solution is not always guaranteed. Hence we will fix an ideal triangulation which will guarantee it. We assume the planar projection of an alternating knot is always reduced. For the topological ideal triangulation of S 3 \K, we take the triangulation of S 3 \{K ∪ two points} described by [3, 9] , the octahedral 4-term triangulation, and to give the geometric structure to M we send two points to ∂H 3 equivariantly, making sure that the resulting ideal simplices are non-degenerate (all four vertices distinct) as in [30, p.465] . With this ideal triangulation, a solution to the gluing and completeness equations can always be obtained to recover the hyperbolic structure of S 3 \K [9, 35] . Hence the deformed solution can always be obtained to give the hyperbolic structure to a sheet of M for sufficiently large n in the sense of [36, Chap.5] and [25] , therefore to M and O(K, r) [6, Sec.3].
extended Bloch group and an extended version of Rodger's dilogarithm function
The general reference for this section is [30, 41, 7, 11] .
Definition. The pre-Bloch group P(C) is an abelian group generated by symbols [z], z ∈ C\{0, 1}, subject to the relation
This relation is called the five-term relation.
An element in pre-Bloch group can be considered as a cross-ratio of a congruence class of an ideal simplex. We consider the vertex ordering as part of the data defining an ideal simplex.
Definition. The Bloch group B(C) is the kernel of the homomorphism
The image of the map ν is the complex version of the Dehn invariant and make the ker(ν) into the orientation sensitive scissors congruence group containing scissors congruence classes of complete hyperbolic 3-manifolds of finite volume.
Definition. Let ∆ be an ideal simplex with cross-ratio z. A (combinatorial) flattening of ∆ is a triple of complex numbers of the form (w 0 , w 1 , w 2 ) = (log z + pπi, − log (1 − z) + qπi, − log z + log (1 − z) − pπi − qπi) with p, q ∈ Z. We call w 0 , w 1 and w 2 log parameters.
We always use the principal branch having imaginary part in the interval (−π, π]. Since log parameters uniquely determine z, we can write a flattening as (z; p, q) [ 
(z; p, q) + (z; p , q ) = (z; p, q ) + (z; p , q).
The first relation lifts the relation the five term relation. It is therefore called the lifted five-term relation. The second relation is called the transfer relation. We shall denote the class of (z; p, q) in P(C) by [z; p, q].
Definition. The extended Bloch group B(C) is the kernel of the homomorphism
The following Theorem 3.1 describe the relationship of the extended groups with the classical ones. 
Here µ * is the group of roots of unity and the labeled maps defined as follows:
and the unlabeled maps are the obvious ones.
The following definition gives an extended version of Rodger's dilogarithm function which is defined by Neumann.
where R is the Rogers dilogarithm function
and Li 2 is the dilogarithm function
Then R gives a homomorphism R :
4. Octahedral 4-term triangulation and the potential function 4.1. Octahedral 4-term triangulation. Among the references for this subsection, we use Section 3 of [40] and Section 3 of [3] . Denote the tubular neighborhood of an alternating knot K, whose planar projection on the equatorial S 2 of S 3 is reduced, by S 2 × I. Now, triangulate (S 2 × I)\K instead of S 3 \K with two inside points as vertices. To triangulate (S 2 × I)\K, cut straight down through it just as you would cut cookie dough with a cookie cutter. Then up to homotopy for each crossing of K, we have an octahedron as in the right side of Figure 1 [40, 23] . We assign vertex orderings of the tetrahedra in the right side of Figure 1 by assigning 0 to E k , 1 to F k , 2 to A k and C k , and 3 to B k and D k . Then, when two edges are glued together in the triangulation, the orientations of the two edges induced by each vertex orderings coincide. This was called edge-orientation consistency in [3] . This property is required to use the formulae in [30, 41] . Note that right before using a cookie cutter, A k and C k (resp. B k and D k ) were one point. After some deformation up to homotopy, they became two points. Hence they have the same vertex ordering. We assign formal variables
in the left side of Figure 1 . We also assign a formal shape parameter to each tetrahedron as in Figure 2. 4.2. Potential function. The general reference for this subsection is [3] . Let D be a reduced planar projection of an alternating knot K with n/2 crossings with n even. For each crossing of D, we define the potential function of a crossing as the sum of four terms as in Figure 3 .
Definition. The potential function V (z 1 , . . . , z n ) of the diagram D is defined as the summation of all potential functions of the n/2 crossings.
where + corresponds to Type I of Figure 4 and − corresponds to Type II of Figure 4 . Then H gives the following set of equations which we also write H for notational convenience: 
Recall that M is the r-fold cyclic covering of S 3 \K. Then H becomes the hyperbolicity equations of M [3, Proposition 1.1]. In [3] , They proved it for knots. But the similar argument works for cyclic coverings, too. Note that the set of equations H consists of the completeness conditions along the meridian and this gives Thurston's gluing equations for M using similar argument to [3, Lemma 3.1] .
Using the formula in Theorem 5.2, we can compute 
complex volume of orbifolds
Let M be the completion of M . Then M is a compact manifold. M can be obtained from the hyperbolic manifold M by a hyperbolic Dehn filling [24, 34] . In [30 (ii) log-parameter about each edge is zero; (iii) log-parameter along any normal path in the neighborhood of a 0-simplex that represents an unfilled cusp is zero; (iv) log-parameter along a normal path in the neighborhood of a 0-simplex that represents a filled cusp is zero if the path is null-homotopic in the added solid torus. For any such choice of flattenings we have
Since we are using a P -decoration of the geometric representation on T (liftings of T to the universal cover of M ) to compute complex volume, where P is the subgroup of upper triangular matrices with 1's on the diagonal, we can apply Zickert's methods in [41, 42, 10] Theorem 5.2. Let K be a hyperbolic alternating knot with a reduced diagram and V (z 1 , ..., z n ) be the potential function of the diagram. Then for any z ∈ S which will give the maximal volume, we have
for r odd and mod 2π 2 r for r even .
The proof of Theorem 5.2
The proof is parallel with that of Theorem 1.2 of [3] . In this section, we always assume z = (z 1 , ..., z n ) is a solution in S which will give the geometric structure. z for one sheet is different from another sheet but since the image of the fundamental class, [M ] , in B(C) can be expressed by using the same z for each sheet, we use the same z for each sheet. To apply the methods in [30, 41, 42, 10] , we use the same vertex ordering as in [3] . To the vertices of Figure 5 , we assign vertex orders from 0 to 3 to the vertices
This assignment induces the vertex orderings of the four tetrahedra. If the orientation of a tetrahedron from the vertex ordering is the same as the ambient orientation, we assign the sign of the tetrahedron σ = 1, otherwise σ = −1. Each tetrahedron appears in the extended pre-Bloch group as σ[u σ ; p, q] ∈ P(C), where σ is the sign of the tetrahedron, u is the shape parameter assigned to the edge connecting the 0th and 1st vertices, and p, q are certain integers.
Zickert used a Ptolemy coordinate c ij for each edge to determine p, q of σ[u σ ; p, q] ∈ P(C) [41, Equation 3 .6]: pπi = − log u σ + log c 03 + log c 12 − log c 02 − log c 13 , qπi = log (1 − u σ ) + log c 02 + log c 13 − log c 23 − log c 01 .
We use Ptolemy coordinates, but we don't need exact values since they all cancel out eventually.
In [3] , they used α m , β m , γ l , δ k for c ij . They assigned α m and β m to non-horizontal edges, γ l to horizontal edges and δ k to the edge E k F k inside the octahedron as in Figure 5 z Figure 5 . Labelings of non-horizontal edges. 
We follow their convention. Since we assigned vertex orders from 0 to 3 to the vertices ( Figure 5 in order, the orientation of the octahedral triangulation induced by this ordering satisfies the edge-orientation consistency; when two edges are glued together in the triangulation, the orientations of the two edges induced by each vertex orderings coincide.
Even though Observation 4.1 of [3] is for an octahedron of the octahedral triangulation of a link complement, the proof only uses the fact that they are using a P -decoration of the geometric representation. Hence we have the following Proposition 6.1 which is an extension of Observation 4.1 of [3] to our M . 
for all l = 1, . . . , n, where n is the number of sides of the diagram and A is a complex constant number independent of l.
For
and
Note that σ using our triangulation. Hence, the potential function V can be written
By direct calculation, we obtain
for all l = 1, . . . , n. Proof. Using Equation (7), Equation (8), α a = α d and β b = β c , we can directly calculate the following:
Note that γ 3 of i-th sheet and γ 2 of (i + 1)-th sheet are the same because they are glued together in the triangulation. Hence we get the second equality. Proof. By applying Equation (6) and Equation (8) 
(by Proposition 6.1)
Combining Equation (3) 
Hence we have
7.
The shape of J(2n, −2m) knot orbifolds and a root of the Riley-Mednykh polynomial
In this section, we present the Riley-Mednykh polynomial of J(2n, −2m) knot. We show that a root of a certain polynomial, which shares a root with the Riley-Mednykh polynomial (see Subsection 7.7), determines the shape of J(2n, −2m) knot orbifolds. Theorem 7.4 states that a root of a certain polynomial gives a solution set for the system of hyperbolicity equations of J(2n, −2m), and this, in turn, gives a set of shape parameters corresponding to ideal tetrahedra of a triangulated J(2n, −2m) knot orbifold and the potential function of it (Definition 4.2) so that we can get the complex volume of it using Theorem 5.2 in Section 8.
7.1. J(2n,-2m) knot. A general reference for this section is [22] . A knot is J(2n, −2m) knot if it has a regular two-dimensional projection of the form in Figure 7 . Note that n and m in this subsection is the half of n and m of Subsection 7.4, respectively. It has 2n right-handed vertical crossings (n right-handed vertical full twists) and 2n left-handed horizontal crossings (n left-handed horizontal full twists).
We will use the following fundamental group of J(2n, −2m) in [22] . LetX 2m 2n be S 3 \J(2n, −2m).
where
7.2. The Chebychev polynomial. Let S k (ξ) be the Chebychev polynomials defined by S 0 (ξ) = 1, S 1 (ξ) = ξ and S k (ξ) = ξS k−1 (ξ) − S k−2 (ξ) for all integers k. The following explicit formula for S k (v) can be obtained by solving the above recurrence relation [38] .
for n ≥ 0, S n (ξ) = −S −n−2 (ξ) for n ≤ −2, and S −1 (ξ) = 0. The following proposition 7.2 can be proved using the Cayley-Hamilton theorem [39] .
where ξ = tr(V ) = a + d.
The Riley-Mednykh polynomial. Let
, and let
Then from the above Proposition 7.2, we get the following Theorem 7.3. Let ρ(s) = S, ρ(t) = T and ρ(w) = W . Then tr(T
and Let z = Tr(W ). 
7.4. M 2 -deformed solutions for J(2n, −2m). Denote the solutions of H by M 2 -deformed solutions. In this subsection we assume J(2n, −2m) = J(n , −m ) and then drop the prime ( ) for notational convenience. Let us assign segment variables z 1 , · · · , z 2n+2 , z 1 , · · · , z 2m+2 as in Figure 7 . Note that four segments are doubly labeled : z 1 = z 2n+1 , z 2 = z 1 , z 2m+1 = z 2n+2 , and z 2m+2 = z 2 . For a rational polynomial P of M we define P by a rational polynomial obtained from P by replacing M with 1 M . Let (B j ) j∈Z be the sequence defined by the following recurrence relations
with initial conditions B 0 = 0, B 1 = 1. Let sequences (P j ) j∈Z and (Q j ) j∈Z be also defined by the same recurrence relations as B j with initial conditions
Let (B j ) j∈Z be the sequence defined by the following recurrence relations:
with initial condition B 0 = 0, B 1 = 1. Let sequences (P j ) j∈Z and (Q j ) j∈Z be defined by the same recurrence relations as B j with initial conditions P 0 = P n , P 1 = P 0 and
, and
7.5. Proof of Theorem 7.4.
Lemma 7.5. Let (F j ) j∈Z be a sequence satisfying the following recurrence relations
for some complex numbers W 1 and W 2 . Let (G j ) j∈Z be a sequence satisifying the same recurrence relations as F j . Let us consider a diagram with segment variables as in Figure  8 . Suppose
hold for j = 1, 2. Then M 2 -hyperbolicity equations for z 3 , z 4 , · · · , z 2n−1 , z 2n hold if and only if Equations (11) hold for all 1 ≤ j ≤ n + 1.
Now we take P 0 = P n , P 1 = P 0 and Q 1 = Q 2 , Q 2 = Q n+2 , and define sequences (P j ) j∈Z and (Q j ) j∈Z by the recurrence relation (10) . One can check that
hold for j = 1, 2. Therefore, by Lemma 7.5, Equations (15) hold for j = 1, · · · , m + 1.
We finally solve equations z 2m+2 = z 2 , z 2m+1 = z 2n+2 and M 2 -hyperbolicity equations for these segments. One can check that z 2m+2 = z 2 if and only if
Furthermore, one can check that B m+1 + B m B n−1 = 0 is necessary and sufficient condition for the remaining equations.
7.6. Detailed computation. Equation (13) : From M 2 -hyperbolicity equation for z 1 we have
On the other hand, we have
and thus
. Putting the explicit forms of Equations (12) of P j and Q j one results in Equation (13) .
Equation (14) : From M 2 -hyperbolicity equation for z 2n+1 we have
One can check that
Thus the equation for z 2n+1 is further simplied to
We now put
and check the equality holds :
Equation (16) : One can check that
where W = B n+1 − B n−1 . Applying these equations, we obtain
On the other hand, using Equation (12) we obtain
We finally obtain Equation (16) 
which is the same Λ of the polynomial in Theorem 7.4 is the same as x in the RileyMednykh Polynomial. Note that
Hence,
where the second equality comes from M
8. The complex volume of J(2n, −2m) knot orbifolds Table 1 gives the complex volume of O(J(2n, −2m), r) for n between 1 and 4, m between 1 and 4 with n ≥ m, and r between 3 and 10 except the non-hyperbolic orbifold O(J (2, −2), 3) . One needs to read the Chern-Simons invariant modulo 2π 2 /r for r even and π 2 /r for r odd. One can check that the Chern-Simons invariants of O(J(2m, −2m), r) for m between 1 and 4 for r between 3 and 10 except the non-hyperbolic orbifold O(J(2, −2), 3) are all zero modulo 2π 2 /r for r even and π 2 /r for r odd. We used Mathematica for the calculations. We record here that our data in Table 1 and the orbifold volumes obtained from SnapPy match up up to existing decimal points. Also, our data in Table 1 and the orbifold Chern-Simons invariants presented in [15] match up up to existing digits when the Chern-Simons invariants in Table 1 are divided by −2π 2 and then read by modulo 1/r for r even and are divided by −π 2 , read by modulo 1/r and then divided by 2 for r odd.
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